
Policy Gradient Methods



What is the goal of Reinforcement Learning?

𝑝𝜃 𝑠1, 𝑎1, … , 𝑠𝑇, 𝑎𝑇 = 𝑝 𝑠1 ෑ

𝑡=1

𝑇

𝜋𝜃 𝑎𝑡 𝑠𝑡 𝑝(𝑠𝑡+1|𝑎𝑡, 𝑠𝑡)

𝑠 𝑎

𝑝(𝑠′|𝑠, 𝑎)

𝜋(𝑎|𝑠)

𝜃∗ = 𝑎𝑟𝑔𝑚𝑎𝑥𝜃𝔼𝜏~𝑝𝜃(𝜏) 

𝑡

𝑟(𝑠𝑡, 𝑎𝑡)



Evaluating the Objective

𝜃∗ = 𝑎𝑟𝑔𝑚𝑎𝑥𝜃𝔼𝜏~𝑝𝜃(𝜏) 

𝑡

𝑟(𝑠𝑡 , 𝑎𝑡)

𝐽(𝜃)

𝐽 𝜃 = 𝔼𝜏~𝑝𝜃(𝜏) 

𝑡

𝑟(𝑠𝑡 , 𝑎𝑡) ≈
1

𝑁


𝑖



𝑡

𝑟(𝑠𝑖,𝑡 , 𝑎𝑖,𝑡)



Direct Policy Differentiation

𝐽 𝜃 = 𝔼𝜏~𝑝𝜃(𝜏) 𝑟(𝜏) = න 𝑝𝜃 𝜏 𝑟 𝜏 𝑑𝜏

∇𝜃𝐽 𝜃 = න ∇𝜃𝑝𝜃 𝜏 𝑟 𝜏 𝑑𝜏 = න 𝑝𝜃 𝜏 ∇𝜃 log 𝑝𝜃 𝜏 𝑟 𝜏 𝑑𝜏 = 𝔼𝜏~𝑝𝜃(𝜏) ∇𝜃 log 𝑝𝜃 𝜏 𝑟 𝜏

𝑝𝜃 𝜏 ∇𝜃 log 𝑝𝜃 𝜏 = 𝑝𝜃 𝜏
∇𝜃𝑝𝜃 𝜏

𝑝𝜃 𝜏
= ∇𝜃𝑝𝜃(𝜏)

Reminder of key identity:



Direct Policy Differentiation

𝑝𝜃 𝑠1, 𝑎1, … , 𝑠𝑇, 𝑎𝑇 = 𝑝 𝑠1 ෑ

𝑡=1

𝑇

𝜋𝜃 𝑎𝑡 𝑠𝑡 𝑝(𝑠𝑡+1|𝑎𝑡, 𝑠𝑡)

Take Log of both sides

log 𝑝𝜃 𝜏 = log 𝑝 𝑠1 +  

𝑡=1

𝑇

log 𝜋𝜃(𝑎𝑡|𝑠𝑡) + log 𝑝(𝑠𝑡+1|𝑠𝑡, 𝑎𝑡) 

∇𝜃𝐽 𝜃 =  𝔼𝜏~𝑝𝜃(𝜏) ∇𝜃 log 𝑝𝜃 𝜏 𝑟 𝜏

∇𝜃𝐽 𝜃 = 𝔼𝜏~𝑝𝜃(𝜏) 

𝑡=1

𝑇

∇𝜃 log 𝜋𝜃(𝑎𝑡|𝑠𝑡) 

𝑡=1

𝑇

𝑟(𝑠𝑡, 𝑎𝑡)



Evaluating the policy gradient

∇𝜃𝐽 𝜃 ≈
1

𝑁


𝑖=1

𝑁



𝑡=1

𝑇

∇𝜃 log 𝜋𝜃(𝑎𝑖,𝑡|𝑠𝑖,𝑡) 

𝑡=1

𝑇

𝑟(𝑠𝑖,𝑡, 𝑎𝑖,𝑡)

𝜃 ← 𝜃 + 𝛼∇𝜃𝐽(𝜃)

REINFORCE algorithm

1. Sample 𝜏𝑖  using policy 𝜋𝜃(𝑎𝑡|𝑠𝑡) (Run the policy in the environment)

2. ∇𝜃𝐽 𝜃 ≈  σ𝑖 σ𝑡 ∇𝜃 log 𝜋𝜃(𝑎𝑡
𝑖|𝑠𝑡

𝑖) σ𝑡 𝑟(𝑠𝑡
𝑖, 𝑎𝑡

𝑖)

3. 𝜃 ← 𝜃 + 𝛼∇𝜃𝐽(𝜃) 



What are we doing?

∇𝜃𝐽𝑀𝐿 𝜃 ≈
1

𝑁


𝑖=1

𝑁

∇𝜃 log 𝜋𝜃(𝜏𝑖)

∇𝜃𝐽 𝜃 ≈
1

𝑁


𝑖=1

𝑁

∇𝜃 log 𝜋𝜃 𝜏𝑖 𝑟(𝜏𝑖)

Make the good trajectories more likely

Make the bad trajectories less likely

We are formalizing the notion of “trial and error”



Reducing variance

∇𝜃𝐽 𝜃 ≈
1

𝑁


𝑖=1

𝑁



𝑡=1

𝑇

∇𝜃 log 𝜋𝜃(𝑎𝑖,𝑡|𝑠𝑖,𝑡) 

𝑡=1

𝑇

𝑟(𝑠𝑖,𝑡, 𝑎𝑖,𝑡)

Causality: policy at time 𝑡′ cannot affect reward at time 𝑡 when 𝑡 < 𝑡′  

∇𝜃𝐽 𝜃 ≈
1

𝑁


𝑖=1

𝑁



𝑡=1

𝑇

∇𝜃 log 𝜋𝜃(𝑎𝑖,𝑡|𝑠𝑖,𝑡) 

𝑡=𝑡′

𝑇

𝑟(𝑠𝑖,𝑡′, 𝑎𝑖,𝑡′)

“Reward to go”

Baselines

∇𝜃𝐽 𝜃  ≈
1

𝑁


𝑡=1

𝑁

∇𝜃 log 𝑝𝜃 𝜏 [𝑟 𝜏 − 𝑏]

𝑏 =
1

𝑁


𝑖=1

𝑁

𝑟(𝜏)



Actor-Critic Methods

Actor-Critic Algorithm

1. Sample 𝜏𝑖  using policy 𝜋𝜃(𝑎𝑡|𝑠𝑡) (Run the policy in the environment)

2. Fit 𝑉𝜙
𝜋(𝑠) to sampled reward sums

3. Evaluate መ𝐴𝜋 𝑠𝑖, 𝑎𝑖 = 𝑟 𝑠𝑖, 𝑎𝑖 +  𝑉𝜙
𝜋 𝑠𝑖

′ − 𝑉𝜙
𝜋 𝑠𝑖

4. ∇𝜃𝐽 𝜃 ≈  σ𝑖 ∇𝜃log 𝜋𝜃(𝑎𝑖|𝑠𝑖) መ𝐴𝜋 𝑠𝑖, 𝑎𝑖

5. 𝜃 ← 𝜃 + 𝛼∇𝜃𝐽(𝜃) 

𝑄𝜋 𝑠𝑡, 𝑎𝑡 =  σ𝑡′=𝑡
𝑇 𝔼𝜋𝜃

𝑟 𝑠𝑡′ , 𝑎𝑡′ |𝑠𝑡, 𝑎𝑡 : Total reward from taking 𝑎𝑡in 𝑠𝑡

𝑉𝜋 𝑠𝑡 =  𝔼𝑎𝑡~𝜋𝜃 𝑎𝑡 𝑠𝑡
[𝑄𝜋 𝑠𝑡, 𝑎𝑡 ]: Total reward from 𝑠𝑡

𝐴𝜋 𝑠𝑡, 𝑎𝑡 = 𝑄𝜋 𝑠𝑡, 𝑎𝑡  - 𝑉𝜋 𝑠𝑡 : How much better 𝑎𝑡is

We can fit 𝑄𝜋 and 𝑉𝜋 or just 𝑉𝜋  



Advanced Policy Gradients

𝜃′ ← 𝑎𝑟𝑔𝑚𝑎𝑥𝜃′ 

𝑡

𝔼𝑠𝑡~𝑝𝜃 𝑠𝑡
𝔼𝑎𝑡~𝜋𝜃 𝑎𝑡 𝑠𝑡

𝜋𝜃′ 𝑎𝑡 𝑠𝑡

𝜋𝜃 𝑎𝑡 𝑠𝑡
𝛾𝑡𝐴𝜋𝜃(𝑠𝑡|𝑎𝑡)

𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝜋𝜃′ 𝑎𝑡 𝑠𝑡 − 𝜋𝜃 𝑎𝑡 𝑠𝑡  ≤  𝜖

For small enough 𝜖, this is guaranteed to improve 𝐽 𝜃′  − 𝐽(𝜃)
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