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LENGTH- AND TIME-SCALES IN MULTISCALE MODELLING
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MOTIVATION: ATOMISTIC SCALE MODELLING WITH
INTERATOMIC POTENTIALS

(Live demonstration in Ovito)
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force fields have the atomistic modelling of materials by enabling simulations of ab initio quality on unprecedented time and length scales. However, they are currently limited by: (i) the
significant computational and human effort that must go into development and validation of potentials for each particular system of interest; and (ii) a general lack of transferability from one chemical system to the next. Here,
using the f-the-art MACE we introduce a single general-purpose ML model, trained on a public database of 150k inorganic crystals, that is capable of running stable molecular dynamics on molecules and

materials. We demonstrate the power of the MACE-MP-0 model - and its qualitative and at times quantitative accuracy - on a diverse set problems in the physical sciences, including the properties of solids, liquids, gases,
chemical reactions, interfaces and even the dynamics of a small protein. The model can be applied out of the box and as a starting or *foundation model® for any atomistic system of interest and is thus a step towards
democratising the revolution of ML force fields by lowering the barriers to entry.
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SETUP

Configuration space (2 for particles ; < (). Examples:
Atoms with positions and chemical species:
T = (TJ‘,Z]‘) EN=R>x7Z
Electrons with positions and spins:
T = (’I’J‘,(T‘ll‘) eQ=R3x {—‘rl —1}
Agents with beliefs/descriptors:
x; = (r; b)leR‘xB ™
Generic conflgurat|on X = {z;}} = L, R? x R? (today d = 0).
We want to derive an energy X — E(X) that will match "the truth"

very well [more on that later]
Often natural to expand E as a sum of site energies
M o
ZE = {337']'}]-:], Lij = Ty — Ty

(translation mvanance)
Let ¢ be a Lie group acting on 2. Function FE; is invariant under G:

EZ(gXL) = Ez(Xl), Vg ed



MANY-BODY (CLUSTER) EXPANSION
E(X) =YL, Bi(X))

Naive / historical expansion:

M jo—1
( Vb mL + E ‘/1 mLJ] + g E VYQ QJ'U] a:LJQ
Jji=1 jo=1j1=1
M
.+ E VN(w/,;j“...,QE/,ij)

J1<<Jn

ACE expansion:

M M M
Ei(X;) =Up(z;) + Z Ul(wjjl) + Z Z U2($ij1;$ij2)

Jji1=1 Jje=17j1=1
M
+ + E UN(CL‘U1 ..... :UYJV)
jl?“'7jN

(spurious self-interactions added, worse scaling, so why bother?)



HISTORICAL PERSPECTIVE: EMPIRICAL POTENTIALS
Pair potential (Morse)'

Zvl:cu Vi(e) = o(le)).

o(r) =a (exp ( — 2as(r — ad)) — 2exp ( —as(r — ad))> ,

a = (a1,as,a3) € R?




HISTORICAL PERSPECTIVE: EMPIRICAL POTENTIALS

Many body potential (Stillinger-Weber):

M j—1
ZVI mz] +ZZVZ Lij, /k
7=1 k=1
—Aac —Qa 1
Vi) = vllgl). 60) = (@ —az ">exp(r_a->

Va(xij, Tir) = (|, [, Oik)

n(r,t,0) = agexp <

ar ag

0;; 2
et t—a10> (cos ik + a11)

a=(ay,...,a;) € R



MANY-BODY (CLUSTER) EXPANSION
E(X) =YL, Bi(X))

Naive expansion:

M M j2—1
Eiy(X;) = Vo(z:) + Z 1(x,) + Z Z Va(zij,, zij,)
Ji=1 jo=1j1=1
M
+ ...+ Z VN(:B/,;jl,...,J:,,;jN)
J1<<JnN

ACE expansion:

M M M
Ei(X;) =Up(z;) + Z Ul(wjjl) + Z Z U2($ij1;$ij2)

Jji1=1 Jje=17j1=1
M
+ + E UN(CL‘U1 ..... :UYJV)
jl?“'7jN

(spurious self-interactions added, worse scaling, so why bother?)



EXPLOITING TENSOR PRODUCT STRUCTURE

Each Uy : R3YN — Risto be represented as a linear combination in a
tensor product basis:

N
Un(@ijys - - ®ijy) = Z Ok H Pk, (i)
ko t=1

where k = (n,l,m) ¢ R*" and

m Lijy
¢(nt,lt,mt)(wijt) = P, (‘xZ]t‘) Yll ' ( j
— ’xlﬂt’
radial part
angular part

Angular part is given by complex spherical harmonics
Y, (&) = P/"(cos 0) exp(im¢), & = (cos@sinb, sin ¢sinb, cosd) € R?

ne, I € {0,1,2,...}andmy € {—1s,...,0,... 1}
Truncation: sum over all k such that [k, < 7" (defines set A)



DENSITY TRICK FOR COMPUTATIONAL TRACTABILITY
Fubini’s Theorem aka "density trick":
J N N J
Yo D a]]on@h) = D> a[[D on (i)
JiynJN=lke AN t=1 keAN  t=1j=1

meaning that overall

N M
EZ(X7) = Z Z UN(iBjjl./..../a}ij)
N=1j1,....in=1
N J
D IDIN | pIEH
N=1 e AN t=1j=1
::A;?
—a-A®

— a linear model (!) with parameters a
(@ € RY, a ~ 1000 — 100000)



LAST STEP: ENFORCEMENT OF SYMMETRIES

RecallthatAk fo 12 _1 O, (i)
Basic idea is to "average over G":

B = ][G AW o gH (dg).

Possible analytically (or with simple numerical scheme) if the basis is
compatible with group G:

br, (9(2ij,)) Z O‘ktk/ ¢>k/ (45, )
E]R
(applying group element to "relative particle" the same as a linear
combination of the original basis).
Bottom line:
BW —cA®

where C are (generalised) Clebsch-Gordan coefficients (— can be
precomputed, typically very sparse)



GROUND TRUTH: A "PRIMER" ON QUANTUM MECHANICS

In the Born-Oppenheimer approximation and further Hartree-Fock
approximation, the ground energy of a system of 1/ atomic nuclei at
positions R = { R, }}1, with IV electrons is given by

gQM(R) ~ {\lelr\i N} {<}AIL”HF7 LHF> ‘ <U)1 LJ> - 5’1}

Hamiltonian operator H is given by

:(Z_fv + ZZV Ri| 2 Z IR hz )

\r‘ =7l i=1 I=1
J#l
The Euler-Lagrange equation is a nonlinear eigenvalue problem.
By-product: Forces FOM(R) = VEM(R).
[VERY EXPENSIVE COMPUTATION]

Training data: { R, EQM(RD), FRM(R(Y | )},



TRAINING

Let R = { R}/ be the training set of atomic configurations and
Er = {EiQM /_, the corresponding “true” energy and
Fr = {FPN the “true” forces.
Least squares min, I (a) where
J
I(@) = Y (WEIEL(RD) = & + WEIFu(RY) - Fi?)
i=1
Rewrite as I(a) = [|[Ba — V||2,_,, where B : R* — RBM+1)J 3nd

(Ba}M, = {E,(R")}M, and the remaining entries are forces and

Q' = diag(W3, ..., Wi, W2, ...,W3)

J—times 3M J—times

Tikhonov regularisation ming I(a) where
I(a) =|Ba Y31 + [la —alp-..

(connection to Bayesian inference)



SUMMARY

Atomic Cluster Expansion is an instance of a Geometric Shallow
Learning framework on graphs.

It uses a decades-old idea of a body order expansion and makes it
computationally tractable in the age of enormous computational
resources.

It prescribes geometric prior information which allows an explicit
enforcement of symmetries and physical constraints and assumptions.

It works amazingly well for atom-based systems!
Perhaps there is scope to employ it in agent-based models?

Robust UQ is surprisingly difficult (my on-going work on this)
[MARS Summer Internship]
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