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MOTIVATION: ATOMISTIC SCALE MODELLING WITH
INTERATOMIC POTENTIALS

(Live demonstration in Ovito)



FOUNDATIONAL MODELS



MACE



SETUP
• Configuration space Ω for particles xj ∈ Ω. Examples:

– Atoms with positions and chemical species:
xj = (rj , Zj) ∈ Ω = R3 × Z

– Electrons with positions and spins:
xj = (rj , σj) ∈ Ω = R3 × {+1,−1}

– Agents with beliefs/descriptors:
xj = (rj , bj) ∈ Ω = R3 ×B (?)

• Generic configuration X = {xj}Mj=1 ⊂ R3 × Rd (today d = 0).
• We want to derive an energy X 7→ E(X) that will match "the truth"

very well [more on that later]
• Often natural to expandE as a sum of site energies

E(X) =

M∑
i=1

Ei(Xi), Xi = {xij}Mj=1, xij := xi − xj

(translation invariance)
• LetG be a Lie group acting on Ω. FunctionEi is invariant underG:

Ei(gXi) = Ei(Xi), ∀g ∈ G



MANY-BODY (CLUSTER) EXPANSION
E(X) =

∑M
i=1Ei(Xi)

• Naive / historical expansion:

Ei(Xi) = V0(xi) +

M∑
j1=1

V1(xij1) +

M∑
j2=1

j2−1∑
j1=1

V2(xij1 ,xij2)

+ . . . +

M∑
j1<···<jN

VN (xij1 , . . . ,xijN )

• ACE expansion:

Ei(Xi) = U0(xi) +

M∑
j1=1

U1(xij1) +

M∑
j2=1

M∑
j1=1

U2(xij1 ,xij2)

+ . . . +

M∑
j1,...,jN

UN (xij1 , . . . ,xijN )

(spurious self-interactions added, worse scaling, so why bother?)



HISTORICAL PERSPECTIVE: EMPIRICAL POTENTIALS
• Pair potential (Morse):

Ei(Xi) =

M∑
j=1

V1(xij), V1(x) = ϕ(|x|),

ϕ(r) = a1

(
exp

(
− 2a2(r − a3)

)
− 2 exp

(
− a2(r − a3)

))
,

a = (a1, a2, a3) ∈ R3



HISTORICAL PERSPECTIVE: EMPIRICAL POTENTIALS

• Many body potential (Stillinger-Weber):

Ei(Xi) =

M∑
j=1

V1(xij) +

M∑
j=1

j−1∑
k=1

V2(xij ,xik),

V1(xij)= ψ(|xij |), ψ(r) = (a1r
−a2 − a3r

−a4) exp

(
1

r − a5

)
V2(xij ,xik) = η(|xij |, |xik|, θijk)

η(r, t, θ) = a6 exp

(
a7

r − a8
+

a9
t− a10

)
(cos θijk + a11)

2

a = (a1, . . . , a11) ∈ R11
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EXPLOITING TENSOR PRODUCT STRUCTURE

• EachUN : R3N → R is to be represented as a linear combination in a
tensor product basis:

UN (xij1 , . . . ,xijN ) =
∑
k

ak

N∏
t=1

ϕkt(xijt)

where k = (n, l,m) ∈ R3N and

ϕ(nt,lt,mt)(xijt) = Pnt(|xijt |)︸ ︷︷ ︸
radial part

Y mt
lt

(
xijt

|xijt |

)
︸ ︷︷ ︸

angular part

• Angular part is given by complex spherical harmonics
Y m
l (x̂) = Pm

l (cos θ) exp(imϕ), x̂ = (cosϕ sin θ, sinϕ sin θ, cos θ) ∈ R3

• nt, lt ∈ {0, 1, 2, . . . } andmt ∈ {−lt, . . . , 0, . . . , lt}
• Truncation: sum over all k such that |k|1 ≤ T (defines set AN )



DENSITY TRICK FOR COMPUTATIONAL TRACTABILITY
• Fubini’s Theorem aka "density trick":

J∑
j1,...,jN=1

∑
k∈AN

ak

N∏
t=1

ϕkt(xijt) =
∑

k∈AN

ak

N∏
t=1

J∑
j=1

ϕkt(xij)

• meaning that overall

Ei(Xi) =

N∑
N=1

M∑
j1,...,jN=1

UN (xij1 , . . . ,xijN )

=

N∑
N=1

∑
k∈AN

ak

N∏
t=1

J∑
j=1

ϕkt(xij)︸ ︷︷ ︸
=:A

(i)
k

= a ·A(i)

→ a linear model (!) with parameters a
(a ∈ Rα, α ∼ 1000− 100000)



LAST STEP: ENFORCEMENT OF SYMMETRIES
• Recall thatA(i)

k =
∏N

t=1

∑J
j=1 ϕkt(xij)

• Basic idea is to "average overG":

B
(i)
k := −

∫
G
A

(i)
k ◦ gH(dg).

• Possible analytically (or with simple numerical scheme) if the basis is
compatible with groupG:

ϕkt(g(xijt)) =
∑
k′

αktk′t
(g)︸ ︷︷ ︸

∈R

ϕk′t(xijt)

(applying group element to "relative particle" the same as a linear
combination of the original basis).

• Bottom line:
B(i) = CA(i)

where C are (generalised) Clebsch-Gordan coefficients (→ can be
precomputed, typically very sparse)



GROUND TRUTH: A "PRIMER" ON QUANTUM MECHANICS

• In the Born-Oppenheimer approximation and further Hartree-Fock
approximation, the ground energy of a system ofM atomic nuclei at
positions R = {RI}MI=1 withN electrons is given by

EQM(R) ≈ min
{Ψ1,...,ΨN}

{
⟨ĤψHF, ψHF⟩ | ⟨ψi, ψj⟩ = δij

}
.

• Hamiltonian operator Ĥ is given by

Ĥ =
( N∑

i=1

−1

2
∇2

i +
N∑

i,j=1
j ̸=i

1

|ri − rj |
−

N∑
i=1

M∑
I=1

ZI

|ri −RI |
+

1

2

M∑
I,J=1
J ̸=I

ZIZJ

|RI −RJ |

)

• The Euler-Lagrange equation is a nonlinear eigenvalue problem.
By-product: Forces FQM(R) = ∇EQM(R).

[VERY EXPENSIVE COMPUTATION]

• Training data: {R(i), EQM(R(i)),FQM(R(i)), . . . )}i



TRAINING
• Let R = {R(i)}Ji=1 be the training set of atomic configurations and
ER = {EQM

i }Ji=1 the corresponding “true” energy and
FR = {FQM

i }Ni=1 the “true” forces.
• Least squares mina I(a) where

I(a) =

J∑
i=1

(
W 2

E |Ea(R
(i))− Ei|2 +W 2

F |Fa(R
(i))−Fi|2

)
• Rewrite as I(a) = ∥Ba− Y ∥2Q−1 , where B : Rα → R(3M+1)J and
{Ba}Mi=1 = {Ea(R

(i))}Mi=1 and the remaining entries are forces and

Q−1 = diag(W 2
E , . . . ,W

2
E︸ ︷︷ ︸

J−times

,W 2
F , . . . ,W

2
F︸ ︷︷ ︸

3MJ−times

)

• Tikhonov regularisation mina Ĩ(a) where

Ĩ(a) = ∥Ba− Y ∥2Q−1 + ∥a− a∥2P−1 .

• (connection to Bayesian inference)



SUMMARY

• Atomic Cluster Expansion is an instance of a Geometric Shallow
Learning framework on graphs.

• It uses a decades-old idea of a body order expansion and makes it
computationally tractable in the age of enormous computational
resources.

• It prescribes geometric prior information which allows an explicit
enforcement of symmetries and physical constraints and assumptions.

• It works amazingly well for atom-based systems!
• Perhaps there is scope to employ it in agent-based models?

• Robust UQ is surprisingly difficult (my on-going work on this)
[MARS Summer Internship]
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