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Observations 
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The posterior predictive  with:p( f(x⋆) |y1:N, x1:N) ∼ 𝒩(μ⋆
GP, Σ⋆
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μ⋆
GP = m⋆ + k⊤

⋆(K + σ2IN)−1(y − m)

The posterior predictive  with:p( f(x⋆) |y1:N, x1:N) ∼ 𝒩(μ⋆
GP, Σ⋆

GP)

Σ⋆
GP = k⋆⋆ − k⊤

⋆(K + σ2IN)−1k⋆

 f := ( f(x1), …, f(xN))⊤ ∼ 𝒩(m, K)Restrict  to f 𝒟

Background: Gaussian Process Regression
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Solution to GP Cost for Spatio-Temporal Inputs?
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Solution to GP Cost for Spatio-Temporal Inputs?

Result:  cost becomes ! 𝒪(N3) 𝒪(N)
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If , GP prior  solution to a Stochastic Differential Equation (SDE)x = (s, t) =
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yk = Hzk + ϵk
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Let z(s, t) := (f(s, t),
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Obtain posterior predictive via filtering & smoothing. 

If , GP prior  solution to a Stochastic Differential Equation (SDE)x = (s, t) =
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1) Filtering:  p(zk |y1:k)
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1) Filtering:  p(zk |y1:k)

Predict Step: Update Step:
p(zk |y1:k−1) ∼ 𝒩(mk|k−1, Pk|k−1) p(zk |y1:k) ∼ 𝒩(mk|k, Pk|k)

2) Smoothing: p(zk |y1:N)

Filtering

Why do we care? Linear-in-time cost!

Note on Smoothing: Throughout we use the Rauch-Tung-Striebel (RTS) smoother. Closed-form, for linear Gaussian models

Here, we assume 
ϵk ∼ 𝒩(0, σ2Ins(ν+1))
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Summary: STGPs

Used for any temporal data lying on a grid; not just “spatial” points!
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Benefits:  

‣ Reformulate GPs in state-space model setting for linear-in-time cost 

‣ Replicate exactly GP posterior (i.e. no approximations)
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Summary: STGPs

Used for any temporal data lying on a grid; not just “spatial” points!

Applications

Benefits:  

‣ Reformulate GPs in state-space model setting for linear-in-time cost 

‣ Replicate exactly GP posterior (i.e. no approximations)
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STGPs are great! What’s the problem then? 
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Noise typically distributed as ϵk ∼ 𝒩(0, σ2I)
Great for conjugacy and comp. cost! 

Terrible for robustness against outliers…
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Solution? Approximate methods: variational inference (VI), Laplace approximation, EP

Noise typically distributed as ϵk ∼ 𝒩(0, σ2I)
Great for conjugacy and comp. cost! 

Terrible for robustness against outliers…
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Solution? Approximate methods: variational inference (VI), Laplace approximation, EP

Tradeoff between robustness & comp. cost 
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We adapt the robust and conjugate GP (RCGP) from Altamirano et al. (2024). 

“Weight Function”



Solution To This Tradeoff? 
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Key Idea: Introduce a weight function  that downweights outliersw : 𝒳 × 𝒴 → ℝ+

We adapt the robust and conjugate GP (RCGP) from Altamirano et al. (2024). 

“Weight Function”
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Possible belief updates
{ℬ : 𝒫(ℱ) × ℝN → 𝒫(ℱ)}

space of priors space of posteriors

data space
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X
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Possible belief updates

X

{ℬ : 𝒫(ℱ) × ℝN → 𝒫(ℱ)}

p(f |y, x) ∝ p(y | f, x) ⋅ p(f |x)

p(f |y, x) ∝ exp (−NLN(f, y, x)) ⋅ p(f |x)

Standard Bayes’ Posterior

Generalised Bayes’ Posterior

space of priors space of posteriors

data space
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p(f |y, x) ∝ exp (−NLN(f, y, x)) ⋅ p(f |x)

See Bissiri, P. G., Holmes, C. C., & Walker, S. G. (2016). A general framework for updating belief distributions. Journal of the Royal Statistical Society: Series B (Statistical Methodology).

RCGP’s backbone: Generalised Bayesian Inference
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Under mild conditions  concentrates around p(f |y, x) f⋆ = argminf∈ℝN LN(f, y, x)
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See Bissiri, P. G., Holmes, C. C., & Walker, S. G. (2016). A general framework for updating belief distributions. Journal of the Royal Statistical Society: Series B (Statistical Methodology).

Goal: select  to obtain robustness and tractability L

D(ℙ, ℚ) ≥ 0 D(ℙ, ℚ) = 0 ⟺ ℙ = ℚ

Under mild conditions  concentrates around p(f |y, x) f⋆ = argminf∈ℝN LN(f, y, x)

RCGP’s backbone: Generalised Bayesian Inference

Divergence-based losses are a good option!

p(f |y, x) ∝ exp (−NLN(f, y, x)) ⋅ p(f |x)
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Hyvärinen, A. (2006). Estimation of non-normalized statistical models by score matching. Journal of Machine Learning Research, 6, 695–708. 

Barp, A., Briol, F.-X., Duncan, A. B., Girolami, M., & Mackey, L. (2019). Minimum Stein discrepancy estimators. Neural Information Processing Systems, 12964–12976. 

Altamirano, M., Briol, F.X. and Knoblauch, J. (2023). Robust and scalable bayesian online changepoint detection. International Conference on Machine Learning  642-663.
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𝒟(p, q) := 𝔼X∼q[∥(∇log p − ∇log q)(X)∥2
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p(f |y1:N, x1:N) ∝ p(f ∣ x1:N) exp{ − NLN(f, y1:N, x1:N)}
The generalised posterior in a GP regression setting is given by

RCGP: Putting It All Together
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The generalised posterior in a GP regression setting is given by

 recovers Bayes, where  LN(f, y1:N, x1:N) = −
1
N

N

∑
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55

The generalised posterior in a GP regression setting is given by
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The generalised posterior in a GP regression setting is given by

Instead , with the score  and a weight function ,  s(x, y) := − ∇yln p(y ∣ f(x)) w

RCGP: Putting It All Together

p(f |y1:N, x1:N) ∝ p(f ∣ x1:N) exp{ − NLN(f, y1:N, x1:N)}

 recovers Bayes, where  LN(f, y1:N, x1:N) = −
1
N

N

∑
i=1

ln p(yi ∣ f(xi)) p(yi ∣ f(xi)) = 𝒩( f(xi), σ2)
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LRCGP
N (f, y1:N, x1:N) =

1
N

N

∑
i=1

(w(xi, yi) ⋅ s(xi, yi))2 + 2∇y(w(xi, yi)2 ⋅ s(xi, yi)) = f⊤ANf + b⊤
N f + cN

The generalised posterior in a GP regression setting is given by

RCGP: Putting It All Together

Instead , with the score  and a weight function ,  s(x, y) := − ∇yln p(y ∣ f(x)) w

p(f |y1:N, x1:N) ∝ p(f ∣ x1:N) exp{ − NLN(f, y1:N, x1:N)}
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1
N
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∑
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ln p(yi ∣ f(xi)) p(yi ∣ f(xi)) = 𝒩( f(xi), σ2)
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LRCGP
N (f, y1:N, x1:N) =

1
N

N

∑
i=1

(w(xi, yi) ⋅ s(xi, yi))2 + 2∇y(w(xi, yi)2 ⋅ s(xi, yi)) = f⊤ANf + b⊤
N f + cN

The generalised posterior in a GP regression setting is given by

Therefore,   depends on weights (robust), and is conjugate with GP prior!p(f ∣ y1:N, x1:N)

Instead , with the score  and a weight function ,  s(x, y) := − ∇yln p(y ∣ f(x)) w

p(f |y1:N, x1:N) ∝ p(f ∣ x1:N) exp{ − NLN(f, y1:N, x1:N)}

 recovers Bayes, where  LN(f, y1:N, x1:N) = −
1
N

N

∑
i=1

ln p(yi ∣ f(xi)) p(yi ∣ f(xi)) = 𝒩( f(xi), σ2)
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Weight function used is the Inverse Multi-Quadratic (IMQ) kernel

“Statistically efficient”wIMQ(x, y) := β (1 +
(y − γ(x))2

c(x)2 )
−1/2
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Inference: Filtering Update Equations

Exact Translation to State-Space Setting: ST-RCGP
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Pk|k := (P−1
k|k−1 + H⊤σ−2Ins(ν+1)H)

−1

Kk := Pk|kH⊤σ−2Ins(ν+1)

mk|k := mk|k−1 + Kk(yk− ̂fk),

Inference: Filtering Update Equations

Before (STGP)

Exact Translation to State-Space Setting: ST-RCGP
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Pk|k := (P−1
k|k−1 + H⊤σ−2Ins(ν+1)H)

−1

Kk := Pk|kH⊤σ−2Ins(ν+1)

mk|k := mk|k−1 + Kk(yk− ̂fk),

Before (STGP)

PGB
k|k := (P−1

k|k−1 + H⊤σ−2J−1
wk

H)
−1

KGB
k := PGB

k|k H⊤σ−2 J−1
wk

mGB
k|k := mk|k−1 + KGB

k (yk− ̂fwk
),

After (ST-RCGP)

Inference: Filtering Update Equations

Exact Translation to State-Space Setting: ST-RCGP
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Pk|k := (P−1
k|k−1 + H⊤σ−2Ins(ν+1)H)

−1

Kk := Pk|kH⊤σ−2Ins(ν+1)

mk|k := mk|k−1 + Kk(yk− ̂fk),

Before (STGP)

PGB
k|k := (P−1

k|k−1 + H⊤σ−2J−1
wk

H)
−1

KGB
k := PGB

k|k H⊤σ−2 J−1
wk

mGB
k|k := mk|k−1 + KGB

k (yk− ̂fwk
),

After (ST-RCGP)

Inference: Filtering Update Equations

Where  and  Jwk
:= diag ( σ2

2
w−2

k ) ̂fwk
:= ̂fk + σ2 ∇ylog(w2

k)

For weights wk = (w(xk,1, yk,1), …, w(xk,ns
, yk,ns

))⊤
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Spatio-temporal RCGPs now have linear-in-time cost!

Are we done?

Not quite…
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The weight function in the RCGP introduces new parameters. Gives rise to 3 issues:
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The weight function in the RCGP introduces new parameters. Gives rise to 3 issues:
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The weight function in the RCGP introduces new parameters. Gives rise to 3 issues:
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Issue #2: Difficult selection of shrinking function (must choose by hand)
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The weight function in the RCGP introduces new parameters. Gives rise to 3 issues:

Issue #1: Sensitivity to GP prior mean specification (unreliable centering function)
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Issue #3: Poor uncertainty quantification (when parameters are wrongly specified)

Issue #2: Difficult selection of shrinking function (must choose by hand)
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We use the Generalised Bayes filtering predictive , where p(yk |y1:k−1) ∼ 𝒩( ̂f, Ŝ)

̂f := Hmk|k−1 Ŝ := HPk|k−1H⊤ + σ2Ins
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We use the Generalised Bayes filtering predictive , where p(yk |y1:k−1) ∼ 𝒩( ̂f, Ŝ)

We choose:

 γ := ̂f

̂f := Hmk|k−1 Ŝ := HPk|k−1H⊤ + σ2Ins

Centering Function
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We use the Generalised Bayes filtering predictive , where p(yk |y1:k−1) ∼ 𝒩( ̂f, Ŝ)

We choose:

 γ := ̂f c := diag(Ŝ)

̂f := Hmk|k−1 Ŝ := HPk|k−1H⊤ + σ2Ins

Shrinking FunctionCentering Function



The Remedy Enabled by Sequential Inference
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We use the Generalised Bayes filtering predictive , where p(yk |y1:k−1) ∼ 𝒩( ̂f, Ŝ)

We choose:

 γ := ̂f c := diag(Ŝ) β := σ/ 2

̂f := Hmk|k−1 Ŝ := HPk|k−1H⊤ + σ2Ins

“Learning Rate”Shrinking FunctionCentering Function
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Result… Great!
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Experiment 1: Robustness During Financial Crashes

84
Associated Press’s Twitter account hacked! 

GP: Not robust to crash…

RCGP: Even worse than GP! Why? Issue #1

Relevance pursuit (RP): Robust but slow; 𝒪(KN3)

ST-RCGP: Robust AND fast! How? Adaptive.
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Outliers introduced…No Outliers

Outlier-Free Area: 
 Performance≈

Outlier Area: 
ST-RCGP  STGP 
 

(ST-RCGP)  (STGP)

≫

𝒪 ≈ 𝒪

 Forecasting

‣ Temperature data: Jan 2022 - Dec 2023; 571 spatial locations. 

‣ We induce focussed outliers (e.g. nearby weather stations break)



Related Work: RCGP
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See Altamirano, M., Briol, F.-X., Knoblauch,F. (2024). Robust and Conjugate Gaussian Process Regression in ICML

Robust and Conjugate Gaussian Process Regression 

Scan to download  
RCGP paper! 



Related Work: Robust Kalman Filtering
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Scan to  
download  

the full paper

See Duran-Martin, G., Altamirano, M., Shestopaloff, A. 
Y., Sánchez-Betancourt, L., Knoblauch, J., Jones, M., ... 
& Murphy, K. (2024). Outlier-robust Kalman Filtering 
through Generalised Bayes In ICML

Outlier-Robust Kalman Filter

Scan to  
download  

the full paper

See Also: 
Towards Robust Inference for 
Bayesian Filtering of Linear 

Gaussian Dynamical Systems 
Subject to Additive Change

See Reimann H. (2024). Towards Robust Inference for 
Bayesian Filtering of Linear Gaussian Dynamical 
Systems Subject to Additive Change. (MSc thesis)



Related Work: Variational STGPs
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Scan to download  
the full paper

See Hamelijnck, O., Wilkinson, William J., Loppi, Niki A., Solin, A., Damoulas, T. (2021).  
Spatio-Temporal Variational Gaussian Processes In NeurIPS



Summary

1.1. Fix problematic issues with RCGPs in spatio-temporal settings 

2.2. Provide an outlier-robust and efficient spatio-temporal GP

Scan to download  
the ST-RCGP paper!

93See Laplante, W., Altamirano, M., Duncan, A., Knoblauch, J., Briol, F.-X. (2025). Robust and Conjugate Spatio-Temporal Gaussian Processes. 



Any Questions?
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