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Algorithms for numerical tasks, including linear
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A statistical treatment of the errors and/or
approximations that are made en route to the
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UQ sounds nice, but ...
What do these uncertainties mean?
* Epistemic (Reducible) & Aleatoric (Irreducible)
How are uncertainties represented?
* Credible Intervals, Posterior Samples
What can we do with these uncertainties?
e Sequential Data Acquisition

How much do we have to pay for these uncertainties”?
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Smarter NN Training

 Beyond manual knob turning for hyperparameter (learning rates, tolerance,
etc) tunings.

 Bayesian optimisation & Intelligent data acquisition (Freddie’s talk)

I The Springer Series on Challenges in Machine Learning
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Ey(t) = f@®),0H),  y0) =y,  z(t):= EW) —J((0),1) =0

*

Collocation Method: Ensuring residual conditions are met at discretisation points.

ODE Solve as Bayesian Inference

« Goal: Estimate discretised (probabillistic) trajectory {th T
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. Prior: Sufficiently flexible prior dynamics for {
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Probabilistic ODE Solver

WANT: Sufficiently flexible prior dynamics for {sz}Nz()-

X!

_ 4o _ 2
] = FXdr+ LW, —X!'=X,

Prior Trajectories
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Example: Integrated Wiener Process (order-1, dim-1)
dw; | | X7dt )
aw?| | aw? ) A

Value

0
1

X! X!
d|l 1| = [O 1] " dr +
X 0 0] [x?

other SDE priors are also possible, e.g. Matern .
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WANT: Collocation points {ztk = O}Zk\’:l.

For ODE on [0,T], pick timestamps 0 < #; < ... <ty =T.
does not have to be uniform

Enforce residuals g; =z, = Xi — f(Xé, 1,) = 0 for all N points.

Notation: Define C, C such that CX, = X!, CX, = X?;so z, = Cth —[(CX,, 1) =0
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Probabilistic ODE Solver

WANT: Standard Bayes posterior.

Prior Data

dX, = FX,dt + LdW, {7, = CX, —f(CX,,1) =0},

Can be phrased as a State Space Model !
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(Observations) B, | (AO:n+1 = Ap.py 15 Bon = bO:n) ~ g(-la,1)
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O O

(Predicting Distribution) p (An |Ap.,_1 = a():n_l)
(Filtering Distribution) p (An | B.,, = b():n)

(Smoothing Distribution) p (An | By = b():N)
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Example: Linear Gaussian Model

An+1 — GAn + gn’ gn ~ N(OaQ)
Bn+1 — HAn-I—l + gn, gn ~ N(O,R)

What are the distributions of ... ?

o predicting distribution An+”n ~ N(,bt,f, 25)
. filtering distribution A, ;1,1 ~ N(u, =5

e SmMoothing distribution An+1|N ~ N(//t,;g, 2;91)
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B,., =HA, ,+e¢, e, ~ N(O,R)

- Starting with a known initial distribution Ay, ~ N(,u(l):, Zg).
» Propagate Ay ~ N(G//tg, GZgGT + Q) = N(,ué), Zg).

» Given observation B;:

Kalman Filter!

» Calculate innovation vi = B; — H,u(l)) .
Obtained by Gaussian

o Calculate innovation covariance S| = H2yH "+ R algebra.
» Calculate Kalman gain K, = Z{;H TSI_ L

- Obtain filtered state A} ~ N, + Kv, 25 — K\S|K; ) = N(uy', uy ).
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» Filter out all observations By, B,, ..., By,
» Set smoothed state Ay, ~ N(uy, 3) = N(uy, ).
* (Going backwards
» Calculate smoother gain Jy_; = ZN_”N_lGT(ZN‘N_I)_l.
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State Space Model {A =GA,+&, &~ N0.Q)
B,., =HA, ,+e¢, e, ~ N(O,R)

» Filter out all observations By, B, ..., By RTS Smoother!

. Set smoothed state Ayy ~ N(uy, Zy) = N(uy, Z3). Obtain:\?g?é IrC;‘-laussiam

* (Going backwards
» Calculate smoother gain Jy_; = ZN_”N_lGT(ZN‘N_I)_l.
S _ F S _ P
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Prior Data

+ .
dX, = FXdt + LdW, {7 =CX, —ACX,,1) =0},

Exact transition of

Linear SDE

(Sometimes) Linear Gaussian Model

Xn+1 = Gth T gn’ fn ™~ N(()’Qh)
Zyp1 = CXp) —CX, 15 141) + & g, ~ N(O,R)

Could be
Zero

(Potential)
Nonlinearity Culprit!
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(Sometimes) Linear Gaussian Model

Xn+1 = Gth T gn’ gn ™~ N(O’Qh)
Zypt = Xy —CX,p 15 1yp1) + & g, ~ N(O,R)

EKF linearises by replacing nonlinearities with truncated Taylor expansion.

[EKO]  ACX. 1) =~ f(Cul. 1)
EK1]  ACX;. 1) = ACuU, 1) + J(Cul, ) CXy — pf]

J¢is the Jacobian of y — f(y, 1)



Implementation Details

 d-Dimensional trajectories can be incorporated by expanding the matrices
using Kronecker product with identity matrix /.

* One can include timestamps with no observations too, just propagate and not
assimilate.

e WWhen observation times are not uniform, make sure the transition matrices are
re-computed.
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* How much do we have to pay for these uncertainties?



Probabilistic ODE Solver

Remark (Relation to Bayesian quadrature). Before introducing
more ODE filters, let us briefly clarify the relation to Bayesian quadra-
ture (BQ) — namely that the EKFO/EKSO is a generalisation of
BQ in the following sense: if the ODE is really just an integral
(i.e. x'(t) = g(t)), then its solution is given by

t
x(t) = xg +/O 2(s) ds. (38.27)

Thus, computing x(t) by approximating the integral in Eq. (38.27)
with the Kalman-filter version of BQ (Algorithm 11.2 from §11.2) is
equivalent to solving the ODE

x'(s) =g(s), s € [0,t],  with initial value x(0) = xy,

by the EKFO or EKS0.3"



Probabilistic ODE Solver

L2 error
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Convergence results exist too ...
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Option 1: Inject noise to drift.

Alternative Probabilistic ODE Solvers
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X0 = Yo
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d
EY(O =f@®,n,  y(0) =y,

Euler’s Method X,op =X, +f(x,,t) - h,

Option 1: Inject noise to drift.

basically turn ODEs into SDEs

Alternative Probabilistic ODE Solvers
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d Collocation is not the only way ...
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Option 2: Random stepsizes



Alternative Probabilistic ODE Solvers

d Collocation is not the only way ...
=) =00, 0 = Y

Euler's Method X, =X, +f(x,,1,) - h, Xy =1
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Wait, how about combining
Physics and data®?

Stay tuned for my CSML talk (23 Apr) !



