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So, what is Probabilistic Numerics ?

Algorithms for numerical tasks, including linear 
algebra, integration, optimization and solving 
differential equations, that return uncertainties 
in their calculations.

A statistical treatment of the errors and/or 
approximations that are made en route to the 
output of a deterministic numerical method.
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ProbNum = Numerical Algorithms with Result UQ

UQ sounds nice, but …

• What do these uncertainties mean? 


• Epistemic (Reducible) & Aleatoric (Irreducible)


• How are uncertainties represented? 


• Credible Intervals, Posterior Samples


• What can we do with these uncertainties? 


• Sequential Data Acquisition


• How much do we have to pay for these uncertainties? 
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• Bayesianize NN: don’t have to have proper BNN, but NN with Bayes flavour

• Laplace Approximation (Lanya’s talk) 

• Bayesian Neural Network (Jixiang’s talk) 

Conformal Prediction?
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Smarter NN Training

• Beyond manual knob turning for hyperparameter (learning rates, tolerance, 
etc) tunings.

• Bayesian optimisation & Intelligent data acquisition (Freddie’s talk)

• (Are we just calling existing things ProbNum … ?)
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Lotka-Volterra

[dy1(t)
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−0.5y2(t) + 0.05y1(t)y2(t)]
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Example: Integrated Wiener Process (order-1, dim-1)

other SDE priors are also possible, e.g. Matérn
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Probabilistic ODE Solver
WANT: Collocation points .{ztk = 0}N

k=1

For ODE on , pick timestamps .[0,T] 0 < t1 < … < tN = T
does not have to be uniform

Enforce residuals  for all  points.zk := ztk = X2
tk − f(X1

tk, tk) = 0 N

Notation: Define  such that  ; so C, ·C CXt = X1
t , ·CXt = X2

t zk = ·CXtk − f(CXtk, tk) = 0
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WANT: Standard Bayes posterior.

+
dXt = FXtdt + LdWt

Prior
{zk = ·CXtk − f(CXtk, tk) = 0}N

k=1

Data

Can be phrased as a State Space Model !!



State Space Model



State Space Model

(Latent Dynamics) 
An+1 |(A0:n = a0:n, B0:n = b0:n) ∼ P( ⋅ |an)

Bn+1 |(A0:n+1 = a0:n+1, B0:n = b0:n) ∼ g( ⋅ |an+1)(Observations)



State Space Model

(Latent Dynamics) 
An+1 |(A0:n = a0:n, B0:n = b0:n) ∼ P( ⋅ |an)

Bn+1 |(A0:n+1 = a0:n+1, B0:n = b0:n) ∼ g( ⋅ |an+1)(Observations)

A0



State Space Model

(Latent Dynamics) 
An+1 |(A0:n = a0:n, B0:n = b0:n) ∼ P( ⋅ |an)

Bn+1 |(A0:n+1 = a0:n+1, B0:n = b0:n) ∼ g( ⋅ |an+1)(Observations)

A0 A1
P



State Space Model

(Latent Dynamics) 
An+1 |(A0:n = a0:n, B0:n = b0:n) ∼ P( ⋅ |an)

Bn+1 |(A0:n+1 = a0:n+1, B0:n = b0:n) ∼ g( ⋅ |an+1)(Observations)

A0 A1
P

B1

g



State Space Model

(Latent Dynamics) 
An+1 |(A0:n = a0:n, B0:n = b0:n) ∼ P( ⋅ |an)

Bn+1 |(A0:n+1 = a0:n+1, B0:n = b0:n) ∼ g( ⋅ |an+1)(Observations)

A0 A1
P

A2
P

B1

g



State Space Model

(Latent Dynamics) 
An+1 |(A0:n = a0:n, B0:n = b0:n) ∼ P( ⋅ |an)

Bn+1 |(A0:n+1 = a0:n+1, B0:n = b0:n) ∼ g( ⋅ |an+1)(Observations)

A0 A1
P

A2
P

B1

g

B2

g



State Space Model

(Latent Dynamics) 
An+1 |(A0:n = a0:n, B0:n = b0:n) ∼ P( ⋅ |an)

Bn+1 |(A0:n+1 = a0:n+1, B0:n = b0:n) ∼ g( ⋅ |an+1)(Observations)

A0 A1
P

A2
P

B1

g

B2

g

⋯

⋯

AN−1

BN−1

AN

BN

P P P

g gg



State Space Model

(Filtering Distribution)







p (An |A0:n−1 = a0:n−1)
p (An |B0:n = b0:n)
p (An |B0:N = b0:N)(Smoothing Distribution)

(Predicting Distribution)

A0 A1
P

A2
P

B1

g

B2

g

⋯

⋯

AN−1

BN−1

AN

BN

P P P

g gg



State Space Model

(Filtering Distribution)







p (An |A0:n−1 = a0:n−1)
p (An |B0:n = b0:n)
p (An |B0:N = b0:N)(Smoothing Distribution)

(Predicting Distribution)

A0 A1
P P

B1

g

B2

g

⋯

⋯

AN−1

BN−1

AN

BN

P P P

g gg

A2



State Space Model

(Filtering Distribution)







p (An |A0:n−1 = a0:n−1)
p (An |B0:n = b0:n)
p (An |B0:N = b0:N)(Smoothing Distribution)

(Predicting Distribution)

A0 A1
P P

B1

g

B2

g

⋯

⋯

AN−1

BN−1

AN

BN

P P P

g gg

A2



State Space Model



State Space Model

{An+1 = GAn + ξn, ξn ∼ N(0,Q)
Bn+1 = HAn+1 + εn, εn ∼ N(0,R)

Example: Linear Gaussian Model



State Space Model

{An+1 = GAn + ξn, ξn ∼ N(0,Q)
Bn+1 = HAn+1 + εn, εn ∼ N(0,R)

Example: Linear Gaussian Model

What are the distributions of … ?



State Space Model

{An+1 = GAn + ξn, ξn ∼ N(0,Q)
Bn+1 = HAn+1 + εn, εn ∼ N(0,R)

Example: Linear Gaussian Model

What are the distributions of … ?

• predicting distribution  An+1|n ∼ N(μP
n , ΣP

n)



State Space Model

{An+1 = GAn + ξn, ξn ∼ N(0,Q)
Bn+1 = HAn+1 + εn, εn ∼ N(0,R)

Example: Linear Gaussian Model

What are the distributions of … ?

• predicting distribution  An+1|n ∼ N(μP
n , ΣP

n)

• filtering distribution An+1|n+1 ∼ N(μF
n , ΣF

n)



State Space Model

{An+1 = GAn + ξn, ξn ∼ N(0,Q)
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Example: Linear Gaussian Model

What are the distributions of … ?

• predicting distribution  An+1|n ∼ N(μP
n , ΣP

n)

• filtering distribution An+1|n+1 ∼ N(μF
n , ΣF

n)

• smoothing distribution An+1|N ∼ N(μS
n , ΣS

n)
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• Starting with a known initial distribution .A0|0 ∼ N(μF
0 , ΣF

0)
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0 , GΣF
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• Given observation :B1

• Calculate innovation .v1 = B1 − HμP
0

• Calculate innovation covariance .S1 = HΣ0HT + R

• Calculate Kalman gain .K1 = ΣP
0HTS−1
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• Obtain filtered state .A1|1 ∼ N(μP
0 + K1v1, ΣP

0 − K1S1KT
1 ) = N(μF

1 , μF
1 )

Kalman Filter! 

Obtained by Gaussian 
algebra.
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• Filter out all observations .B1, B2, …, BN

• Set smoothed state .AN|N ∼ N(μF
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N−1 = μF

N−1 + JN−1(μS
N − μP
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N − ΣP

N)JT
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N−1, ΣS
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RTS Smoother! 

Obtained by Gaussian 
algebra.
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Linear SDE

Could be 
zero

(Potential) 
Nonlinearity Culprit!



Probabilistic ODE Solver

{
Xn+1 = GhXn + ξn, ξn ∼ N(0,Qh)
Zn+1 = ·CXn+1 − f(CXn+1, tn+1) + εn, εn ∼ N(0,R)

(Sometimes) Linear Gaussian Model



Probabilistic ODE Solver

{
Xn+1 = GhXn + ξn, ξn ∼ N(0,Qh)
Zn+1 = ·CXn+1 − f(CXn+1, tn+1) + εn, εn ∼ N(0,R)

(Sometimes) Linear Gaussian Model

• When  is non-linear, we can either (a) linearise it [EKF], or (b) use particle 
approximations [PF]. 

f



Probabilistic ODE Solver

{
Xn+1 = GhXn + ξn, ξn ∼ N(0,Qh)
Zn+1 = ·CXn+1 − f(CXn+1, tn+1) + εn, εn ∼ N(0,R)

(Sometimes) Linear Gaussian Model

• When  is non-linear, we can either (a) linearise it [EKF], or (b) use particle 
approximations [PF]. 

f

• While both are approximations, particle filter is asymptotically true (unbiased and 
consistent) in the number of particles while EKF is not. 



Probabilistic ODE Solver

{
Xn+1 = GhXn + ξn, ξn ∼ N(0,Qh)
Zn+1 = ·CXn+1 − f(CXn+1, tn+1) + εn, εn ∼ N(0,R)

(Sometimes) Linear Gaussian Model

• When  is non-linear, we can either (a) linearise it [EKF], or (b) use particle 
approximations [PF]. 

f

• While both are approximations, particle filter is asymptotically true (unbiased and 
consistent) in the number of particles while EKF is not. 

• However, EKF is much faster to implement. 



Probabilistic ODE Solver

{
Xn+1 = GhXn + ξn, ξn ∼ N(0,Qh)
Zn+1 = ·CXn+1 − f(CXn+1, tn+1) + εn, εn ∼ N(0,R)

(Sometimes) Linear Gaussian Model

• When  is non-linear, we can either (a) linearise it [EKF], or (b) use particle 
approximations [PF]. 

f

• While both are approximations, particle filter is asymptotically true (unbiased and 
consistent) in the number of particles while EKF is not. 

• However, EKF is much faster to implement. 
Bias

Variance Compute
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{
Xn+1 = GhXn + ξn, ξn ∼ N(0,Qh)
Zn+1 = ·CXn+1 − f(CXn+1, tn+1) + εn, εn ∼ N(0,R)

(Sometimes) Linear Gaussian Model

[EK0]          f(CXk, tk) ≈ f(CμP
k , tk)

[EK1]          f(CXk, tk) ≈ f(CμP
k , tk) + Jf(CμP

k , tk)C(Xk − μP
k )

 is the Jacobian of Jf y ↦ f(y, t)

EKF linearises by replacing nonlinearities with truncated Taylor expansion.



Implementation Details

• -Dimensional trajectories can be incorporated by expanding the matrices 
using Kronecker product with identity matrix .


• One can include timestamps with no observations too, just propagate and not 
assimilate. 


• When observation times are not uniform, make sure the transition matrices are 
re-computed.

d
Id
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Probabilistic ODE Solver
Lotka-Volterra

[dy1(t)
dy2(t)] = [ 0.5y1(t) − 0.05y1(t)y2(t)

−0.5y2(t) + 0.05y1(t)y2(t)]
y1(0) = y2(0) = 20

• What do these uncertainties mean? 


• Epistemic (Reducible) & Aleatoric (Irreducible)


• How are uncertainties represented? 


• Credible Intervals, Posterior Samples


• What can we do with these uncertainties? 


• Sequential Data Acquisition


• How much do we have to pay for these uncertainties? 

Roughly, for the same stepsize, 
probabilistic solvers take 10s-X 
compute. 
 
and much more time to code up …  
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Convergence results exist too …
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Alternative Probabilistic ODE Solvers
Collocation is not the only way … 



Alternative Probabilistic ODE Solvers
Collocation is not the only way … d

dt
y(t) = f(y(t), t), y(0) = y0

xn+h = xn + f(xn, tn) ⋅ h, x0 = y0Euler’s Method



Alternative Probabilistic ODE Solvers

Option 2: Random stepsizes

Collocation is not the only way … d
dt

y(t) = f(y(t), t), y(0) = y0

xn+h = xn + f(xn, tn) ⋅ h, x0 = y0Euler’s Method



Alternative Probabilistic ODE Solvers

Option 2: Random stepsizes

Collocation is not the only way … d
dt

y(t) = f(y(t), t), y(0) = y0

xn+h = xn + f(xn, tn) ⋅ h, x0 = y0Euler’s Method



Wait, how about combining 
Physics and data?



Wait, how about combining 
Physics and data?

Stay tuned for my CSML talk (23 Apr) ! 


