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Bayesian Inference

Given data D and parameters θ, the posterior is

p(θ | D) =
p(D | θ) p(θ)

Z
, Z =

∫
p(D | θ) p(θ) dθ.

Challenge. Exact Bayesian inference is hard to compute:

• The normalising constant Z is rarely available in closed form.
• Predictive quantities require difficult integrals, e.g.

p(y | x∗,D) =

∫
p(y | x∗, θ) p(θ | D) dθ.
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Approximate Bayesian inference methods

• Variational Inference (VI):
Choose a tractable family q(θ) and fit it by minimising
KL
(
q(θ) ∥ p(θ | D)

)
(equivalently, maximise the ELBO)

• Laplace Approximation (LA):
Approximate p(θ | D) by a Gaussian distribution
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Laplace Approximation

The maximum a posteriori estimation of θ is defined as

θMAP = argmax
θ

p(θ | D)

Let h(θ) = p(D|θ)p(θ).

Taylor-expanding log h around θMAP up to
the second order yield

log h(θ) ≈ log h(θMAP)−
1
2
(θ − θMAP)

⊤Λ(θ − θMAP),

where Λ := −∇2
θ log h(θ)

∣∣
θ=θMAP

,

Z =

∫
h(θ)dθ ≈ h(θMAP)(2π)d/2 (det Λ)−1/2.

Therefore,

p(θ|D) =
h(θ)

Z
≈ (2π)−d/2(det Λ)1/2 exp

(
−1

2
(θ − θMAP)

⊤Λ(θ − θMAP)

)
.

which can be identified as the density of N (θ; θMAP,Σ), where
Σ = Λ−1. This is called Laplace Approximation (LA).
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Deep learning

Deep learning
Given a training dataset D := {(xn ∈ RM , yn ∈ RC )}Nn=1, the
weights θ ∈ RD of an L-layer NN fθ : RM → RC are trained to
minimize the empirical risk

θ̂ = arg min
θ∈RD

L(D; θ) = arg min
θ∈RD

(
r(θ) +

N∑
n=1

ℓ(yn, fθ(xn))

)
.

where ℓ(·, ·) is a loss function and r(θ) is a regularizer.

Limitations.
• Standard deep learning typically yields point estimates θ̂,

with limited uncertainty quantification.
• Models can be overconfident on out-of-distribution

(OOD) inputs.
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Beyesian Deep Learning

From the Bayesian viewpoint,
r(θ) = − log p(θ) and ℓ(yn, fθ(xn)) = − log p(yn | fθ(xn)), so

L(D; θ) = − log h(θ)

and
θ̂ = θMAP

For example, the widely used weight regularizer

r(θ) = 1
2γ

−2∥θ∥2
2

corresponds to a centered Gaussian prior

p(θ) = N (θ; 0, γ2I ).
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Beyesian Deep Learning

For multi-class classification, let fθ(x) ∈ RC be the logits and
define the categorical likelihood as

pθ(y = c | x) = softmax(fθ(x))c =
exp(fθ,c(x))∑C
j=1 exp(fθ,j(x))

.

Then the corresponding loss (negative log-likelihood)

ℓ
(
y , fθ(x)

)
= − log pθ(y | x)

is exactly the cross-entropy loss :

ℓ
(
y , fθ(x)

)
= − log softmax(fθ(x))y .
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LA in Bayesian Deep Learning
Assume a Gaussian prior on the weights:

p(θ) = N (θ; 0, γ2I ).

Laplace approximation. Approximate the posterior by a Gaussian
around the MAP:

p(θ | D) ≈ N
(
θ; θMAP,Σ

)
, Σ = Λ−1,

where
Λ := −∇2

θ log h(θ)
∣∣
θ=θMAP

, h(θ) = exp(−L(D; θ)).

Decomposition of Λ.

Λ = −∇2
θ log p(θ) − ∇2

θ log p(D | θ)
∣∣∣
θ=θMAP

= γ−2I −
N∑

n=1

∇2
θ log p

(
yn | fθ(xn)

)∣∣∣
θ=θMAP

.

Challenge. The second term scales quadratically with the number
of network parameters.
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Four components of LA

• Inference over all weights or subsets of weights
• Hessian approximation and their factorizations
• Hyperparameter Tuning
• Approximate predictive distribution
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Hessian approximation

The Fisher information matrix is a positive semi-definite
approximation to the Hessian of the log-likelihood of NNs.

Let
p(x , y ; θ) be the joint density function for X and Y conditional on
the value of θ. (In our case, p(x , y | θ) = p(y | fθ(x))).
The Fisher information matrix F of Px ,y (θ) is given by

F = Ep(x ,y)

[
∇θ log p(x , y | θ)∇θ log p(x , y | θ)⊤

]
,

= −Ep(x ,y)

[
∇2

θ log p(x , y | θ)
]
.

Because p(x , y | θ) = p(y | x , θ) q(x), we have Martens (2020)

∇θ log p(x , y | θ) = ∇θ log p(y | x , θ)+∇θ log q(x) = ∇θ log p(y | x , θ).

so F can be written as

F = Eq(x)

[
Ep(y |x)

[
∇θ log p(y | x , θ)∇θ log p(y | x , θ)⊤

]]
.
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Hessian approximation

Therefore, the Hessian

N∑
n=1

∇2
θ log p

(
yn | fθ(xn)

)∣∣
θ=θMAP

can be approximated by the Fisher information matrix

F :=
N∑

n=1

Ep(y |fθ(xn))

[
s(xn, y) s(xn, y)

⊤
]
, (1)

where
s(x , y) := ∇θ log p

(
y | fθ(x)

)∣∣
θ=θMAP

.
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Hessian factorizations

Diagonal Factorization
Assume that the negative-log-posterior’s Hessian Λ is simply a
diagonal matrix with diagonal elements equal the diagonal of the
Fisher

Λ ≈ −γ−2I − diag(F )⊤I .

It requires storing only a length-D vector to represent F , and
inverting Λ then costs just O(D) instead of O(D3).

(a) Full Fisher (b) Diagonal
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KFAC

Kronecker-Factored Approximate Curvature (KFAC)

Consider an L-layer neural network with Fisher information matrix
F over all parameters. KFAC first simplifies F by ignoring
cross-layer correlations, yielding a block-diagonal approximation:

F ≈ diag
(
F (1), . . . ,F (L)

)
,

where F (l) denotes the Fisher block associated with the parameters
of layer l .

Figure 2: KFAC
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KFAC: layer-wise structure

After approximating F as block-diagonal across layers, KFAC
further simplifies each layer block F (l).

For layer l = 1, . . . , L, let Nl be the number of units in layer l . The
weight matrix

W (l) ∈ RNl×Nl−1

has NlNl−1 parameters, so the corresponding Fisher block

F (l) ∈ R(NlNl−1)×(NlNl−1)

would require O(N2
l N

2
l−1) memory to store in full.

Laplace Redux - Effortless Bayesian Deep Learning 15 / 24



Bayes DL Hessian approximation and factorizations Subnetwork Prediction References References

KFAC: layer-wise structure

Define the per-sample quantities:
• a(l) ∈ RNl : output of layer l , i.e. the input to layer l+1.
• g (l) ∈ RNl : the log-likelihood gradient with respect to a(l).

For a feed-forward layer,

a(l) = σ
(
W (l)a(l−1)

)
where σ is the activation function. Therefore,

∂ log p(y | fθ(x))
∂W

(l)
ij

=
∂ log p(y | fθ(x))

∂a
(l)
i

∂a
(l)
i

∂W
(l)
ij

= g
(l)
i a

(l−1)
j

Hence the outer product inside expectation in 1 can be written as

s(xi , y) s(xi , y)
⊤ = a(l−1)a(l−1)⊤ ⊗ g(l)g(l)⊤.

Furthermore, we assume that a(l−1) is independent of g (l),

F (l) ≈ E
[
a(l−1)a(l−1)⊤

]
⊗ E

[
g(l)g(l)⊤

]
=: A(l−1) ⊗ G (l).
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KFAC

For each layer l , we obtain the l-th diagonal block of Λ — denoted
by Λ(l) — by

Λ(l) ≈
(
A(l−1) +

√
λ I
)

⊗
(
G (l) +

√
λ I
)

=: V (l) ⊗ U(l).

Storage benefit. This reduces the memory cost from O(N2
l N

2
l−1)

(full block) to O(N2
l + N2

l−1).

Laplace Redux - Effortless Bayesian Deep Learning 17 / 24
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Low-rank block-diagonal KFAC

Low-rank approximation based on KFAC. Starting from the
Kronecker-factored Fisher block

F (l) ≈ A(l−1) ⊗ G (l),

we eigendecompose the two Kronecker factors:

A(l−1) = U
(l−1)
A S

(l−1)
A U

(l−1)
A

⊤
, G (l) = U

(l)
G S

(l)
G U

(l)
G

⊤
.

Using properties of the Kronecker product, this yields

F (l) ≈
(
U

(l−1)
A ⊗ U

(l)
G

)(
S
(l−1)
A ⊗ S

(l)
G

)(
U

(l−1)
A ⊗ U

(l)
G

)⊤
.

The eigenvalues of F (l) are products of eigenvalues of A(l−1) and
G (l). Keeping only the top k eigenvalues yields an optimal rank-k
approximation F

(l)
k , greatly reducing storage and computation.
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Low-rank approximation

Instead of approximating each layer block separately, we can
approximate the entire curvature matrix F ∈ RD×D by a low-rank
matrix.
Eigendecomposition. Since F is PSD,

F = Q LQ⊤,

where Q = [q1, . . . , qD ] contains eigenvectors and
L = diag(λ1, . . . , λD) with λ1 ≥ · · · ≥ λD ≥ 0.

Rank-k truncation. Keep only the top k eigenpairs:

Q̂ = [q1, . . . , qk ] ∈ RD×k , L̂ = diag(λ1, . . . , λk) ∈ Rk×k .

Then the low-rank approximation is given by

F ≈ Fk := Q̂ L̂ Q̂⊤.

Storage benefit. This reduces the memory cost from O(D2) (full
block) to O(Dk).
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Wrap-up

• Hessian approximation
• Fisher information
• Gauss-Newton matrix (GGN)

• Hessian factorization
• Digagonal factorization
• KFAC

Low-rank block-diagonal KFAC
• Low-rank approximation
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Subnetwork

Subnetwork LA only applies the Laplace approximation to a
subset of the model parameters, while keeping the remaining
parameters fixed at their MAP estimates.
Last-Layer applies the LA to only the last linear layer of an L-layer
NN. Suppose W (L) is the last-layer weight matrix of the network

p
(
W (L) | D

)
≈ N

(
W (L) | W (L)

MAP, Σ
(L)
)
.
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Monte Carlo Integration

Monte Carlo Integration

p(y | x∗,D) ≈ 1
S

S∑
s=1

p
(
y | fθs (x∗)

)
, θs ∼ q(θ | D).
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Approximate the distribution of netwrok outputs

We use linearization to approximate the network as

fθ(x
∗) ≈ fθMAP(x

∗) + J⊤∗ (θ − θMAP), (2)

where J∗ := ∇θfθ(x
∗)|θMAP ∈ Rd×c denotes the Jacobian of the

network output with respect to the parameters, evaluated at θMAP.
This way, under a Gaussian approximate posterior q(θ | D), the
marginal distribution over the network output f∗ := f (x∗) is
approximately Gaussian:

p(f∗ | x∗,D) =

∫
δ
(
f∗ − fθ(x∗)

)
q(θ | D) dθ

≈ N
(
f∗ | fθMAP(x∗), J

⊤
∗ ΣJ∗

)
,

where J∗ := ∇θfθ(x∗)
∣∣
θ=θMAP

.
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