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Abstract

Bayesian formulations of deep learning have been shown to have compelling theo-
retical properties and offer practical functional benefits, such as improved predictive
uncertainty quantification and model selection. The Laplace approximation (LA)
is a classic, and arguably the simplest family of approximations for the intractable
posteriors of deep neural networks. Yet, despite its simplicity. the LA is not as
popular as alternatives like variational Bayes or deep ensembles. This may be due
to assumptions that the LA is expensive due to the involved Hessian computation,
that tis difficult to implement, or that it yields inferior results. In this work we show
that hese are misconcepiions: we () ceview the range of varants of the LA inlud-
ing versions with minimal cost over (ii) introduce 1aplace, an easy-to-use
software ibrary for PyTorch offerng user-rendly access (o ol major lavors of the
LA:and through p s that the LA

with more popular altrnatves n erms of performance, while excel ms
of computarional cost. We hape that this work will serve 1 4 catalyst 10 4 wider

https://arxiv.org/abs/2106.14806 Daxberger et al. (2021)
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Bayesian Inference

Given data D and parameters 6, the posterior is

p010) = ELAO 7 [ (0| 0)pt0) a0
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Bayes
@00

Bayesian Inference

Given data D and parameters 6, the posterior is

p010) = ELAO 7 [ (0| 0)pt0) a0

Challenge. Exact Bayesian inference is hard to compute:

® The normalising constant Z is rarely available in closed form.

e Predictive quantities require difficult integrals, e.g.

ply | %,D) = [ ply | x.,6) p(6 | D) db.
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Approximate Bayesian inference methods

e Variational Inference (VI):
Choose a tractable family g(¢) and fit it by minimising
KL(q(0) || p(6 | D)) (equivalently, maximise the ELBO)
¢ Laplace Approximation (LA):
Approximate p(f | D) by a Gaussian distribution
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Laplace Approximation

The maximum a posteriori estimation of @ is defined as
Ovap = arg max p(0 | D)
Let h(6) = p(D|0)p().
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Bayes
ooe

Laplace Approximation

The maximum a posteriori estimation of @ is defined as
Ovap = arg max p(0 | D)

Let h(0) = p(D|#)p(#). Taylor-expanding log h around fyap up to
the second order yield

1
|Og h(@) ~ Iog h(eMAP) — 5(9 — QMAP)TA(H - 9MAP)7

where A= _v3 |Og h(a)}GZGMAP7
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Laplace Approximation

The maximum a posteriori estimation of @ is defined as
Ovap = arg max p(0 | D)

Let h(0) = p(D|#)p(#). Taylor-expanding log h around fyap up to
the second order yield

1
|Og h(@) ~ Iog h(@MAp) — 5(9 — QMAP)TA(Q - 9MAP)7
where A := —V3log h(@)}ezeMAP,

7= / h(0)d0 ~ h(Oniap)(27) /2 (det A) /2.
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Laplace Approximation

The maximum a posteriori estimation of @ is defined as
Ovap = arg max p(0 | D)

Let h(0) = p(D|#)p(#). Taylor-expanding log h around fyap up to
the second order yield

1
|Og h(@) ~ Iog h(@MAp) — 5(9 — QMAP)TA(Q - 9MAP)7

where A= _v3 |Og h(e)}GZGMAP7

7= / h(0)d0 ~ h(Oniap)(27) /2 (det A) /2.

Therefore,

h(0)

pO|D) = =~ =~ (27) "2 (det A)/? exp (—;(9 — Oviap) TA(O — 0MAP)> :

which can be identified as the density of N/ (6; Oyiap, ), where
¥ = A~L. This is called Laplace Approximation (LA).
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Deep learning

Deep learning

Given a training dataset D := {(x, € RM y, ¢ RE)}N_, the
weights 6 € RP of an L-layer NN f; : RM — R€ are trained to
minimize the empirical risk

N
0= in £(D;0) = i 0 Uyn, fa(xn)) | -
arg min_ L(D;6) = arg min (r()+; (Vn: folx )))

where £(-,-) is a loss function and r(0) is a regularizer.

Limitations.

e Standard deep learning typically yields point estimates 0,
with limited uncertainty quantification.

® Models can be overconfident on out-of-distribution
(OOD) inputs.
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Beyesian Deep Learning

From the Bayesian viewpoint,
r(0) = —log p(0) and £(yn, fo(xn)) = —log p(¥n | fo(xn)), so

L(D;0) = —log h(0)

and
0 = Ouap
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0®000

Beyesian Deep Learning

From the Bayesian viewpoint,
r(0) = —log p(0) and £(yn, fo(xn)) = —log p(¥n | fo(xn)), so

L(D;0) = —log h(0)

and
0 = Oviap

For example, the widely used weight regularizer
12192
r(0) = 3711012
corresponds to a centered Gaussian prior

p(6) = N(6;0,~21).
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Beyesian Deep Learning

For multi-class classification, let f5(x) € R¢ be the logits and
define the categorical likelihood as

explfuc(x)
S exp(f,(x)

po(y = c | x) = softmax(fy(x))c =
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Beyesian Deep Learning

For multi-class classification, let f5(x) € R¢ be the logits and
define the categorical likelihood as

explfuc(x)
S exp(f,(x)

Then the corresponding loss (negative log-likelihood)

po(y = c | x) = softmax(fy(x))c =

(y, fy(x)) = —log pa(y | x)

is exactly the cross-entropy loss :

U(y, fy(x)) = — log softmax(fy(x)),
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LA in Bayesian Deep Learning

Assume a Gaussian prior on the weights:
p(0) = N(6;0,4%1).
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LA in Bayesian Deep Learning

Assume a Gaussian prior on the weights:
p(0) = N(6;0,421).
Laplace approximation. Approximate the posterior by a Gaussian
around the MAP:
p(0 | D) ~ N(0;0map. L), T =A1,
where

A = —V3logh h(0) = exp(—L(D;0)).

(9) }OZGMAP ’
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LA in Bayesian Deep Learning

Assume a Gaussian prior on the weights:
p(0) = N(6;0,421).
Laplace approximation. Approximate the posterior by a Gaussian
around the MAP:
p(0 | D) ~ N(0;0map. L), T =A1,
where

A = —V3logh h(0) = exp(—L(D;0)).

(®) }OZGMAP ’
Decomposition of A.

A= —Vjlogp(f) — Vjlogp(D | 9)‘9=9MAP

N
=721 = 3" V3log pya | fe;(x,,))’e

-0 '
n—1 MAP

Challenge. The second term scales quadratically with the number
of network parameters.
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Four components of LA

Inference over all weights or subsets of weights
® Hessian approximation and their factorizations
® Hyperparameter Tuning

e Approximate predictive distribution
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Hessian approximation and factorizations
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Hessian approximation

The Fisher information matrix is a positive semi-definite
approximation to the Hessian of the log-likelihood of NNs.
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Hessian approximation and factorizations
9000000000

Hessian approximation

The Fisher information matrix is a positive semi-definite
approximation to the Hessian of the log-likelihood of NNs. Let
p(x,y; 0) be the joint density function for X and Y conditional on
the value of 8. (In our case, p(x,y | 0) = p(y | fy(x))).

The Fisher information matrix F of Py ,(6) is given by

F = Epy)| Vologp(x.y | ) Volog p(x,y | )T |,

= _Ep(x,y) [vg |Og P(X,y ‘ 0)] .
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Hessian approximation and factorizations
9000000000

Hessian approximation

The Fisher information matrix is a positive semi-definite
approximation to the Hessian of the log-likelihood of NNs. Let
p(x,y; 0) be the joint density function for X and Y conditional on
the value of 8. (In our case, p(x,y | 0) = p(y | fy(x))).
The Fisher information matrix F of Py ,(6) is given by

F = Epy)| Vologp(x.y | ) Volog p(x,y | )T |,

= _Ep(x,y) [vg |Og P(X,y ‘ 0)] .

Because p(x,y | ) = p(y | x,0) q(x), we have Martens (2020)

Vglogp(x,y | 0) = Vglogp(y | x,0)+Vglog q(x) = Vglog p(y | x,0).
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Hessian approximation and factorizations
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Hessian approximation

The Fisher information matrix is a positive semi-definite
approximation to the Hessian of the log-likelihood of NNs. Let
p(x,y; 0) be the joint density function for X and Y conditional on
the value of 8. (In our case, p(x,y | 0) = p(y | fy(x))).

The Fisher information matrix F of Py ,(6) is given by

F = Epy)| Vologp(x.y | ) Volog p(x,y | )T |,

= _Ep(x,y) [vg |Og P(X,y ‘ 0)] .
Because p(x,y | 0) = p(y | x, ) q(x), we have Martens (2020)

Vglogp(x,y | 0) = Vglogp(y | x,0)+Vglog q(x) = Vglog p(y | x,0).

so F can be written as
F= Eq(x) [Ep(y|x) |:v9 log p(y ’ X, 9) Vi log p(y | X, G)T:H :
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Hessian approximation and factorizations
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Hessian approximation

Therefore, the Hessian

N
Z Vg log p(y” | fe(X”)) |9:9MAP
n=1
can be approximated by the Fisher information matrix
F = ZE (y|fo(xn)) |: S(Xn, Y ) (me)—r} ) (1)

where

s(x,y) == Vg log p(y | fy(x))

|9 Onvap’

Laplace Redux - Effortless Bayesian Deep Learning 12 / 24



Hessian approximation and factorizations
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Hessian factorizations

Diagonal Factorization
Assume that the negative-log-posterior's Hessian A is simply a
diagonal matrix with diagonal elements equal the diagonal of the
Fisher

A~ —y 2] —diag(F)"I.

It requires storing only a length-D vector to represent F, and
inverting A then costs just O(D) instead of O(D3).

(a) Full Fisher (b) Diagonal
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Hessian approximation and factorizations
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Kronecker-Factored Approximate Curvature (KFAC)

Consider an L-layer neural network with Fisher information matrix
F over all parameters. KFAC first simplifies F by ignoring
cross-layer correlations, yielding a block-diagonal approximation:

F ~ diag(F®, ..., Ft),

where F(!) denotes the Fisher block associated with the parameters

of layer I.
!F

E

Figure 2: KFAC
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Hessian approximation and factorizations
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KFAC: layer-wise structure

After approximating F as block-diagonal across layers, KFAC
further simplifies each layer block F().

For layer | =1,...,L, let N; be the number of units in layer /. The
weight matrix

W(/) c RNIXN/_l
has N;N,_1 parameters, so the corresponding Fisher block

F(D ¢ RNINi—1)x(NiN;—1)

would require O(N?N?_;) memory to store in full.
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Hessian approximation and factorizations
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KFAC: layer-wise structure

Define the per-sample quantities:
e al) e RM: output of layer /, i.e. the input to layer /+1.
o g ¢ RM: the log-likelihood gradient with respect to a(!).
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KFAC: layer-wise structure

Define the per-sample quantities:

e al) e RM: output of layer /, i.e. the input to layer /+1.

o g ¢ RM: the log-likelihood gradient with respect to a(!).
For a feed-forward layer,

RO (W(/)a(u))

where o is the activation function.
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Hessian approximation and factorizations
[e]e]ele]e] lele]e]e]

KFAC: layer-wise structure

Define the per-sample quantities:

e al) e RM: output of layer /, i.e. the input to layer /+1.

o g ¢ RM: the log-likelihood gradient with respect to a(!).
For a feed-forward layer,

RO (W(/)a(u))
where o is the activation function. Therefore,

Ologp(y | fy(x)) _ dlogp(y | fa(x)) 93" _ () (1-1)

ow aat!) owlh =
ij ! )
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Hessian approximation and factorizations
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KFAC: layer-wise structure

Define the per-sample quantities:

e al) e RM: output of layer /, i.e. the input to layer /+1.

o g ¢ RM: the log-likelihood gradient with respect to a(!).
For a feed-forward layer,

RO (W(/)a(/fl))

where o is the activation function. Therefore,

dlog ply | fo(x)) _ dlogply | fy(x)) daf’ _ () ,(-1)
aw!h 02w T
ij i ij
Hence the outer product inside expectation in 1 can be written as

s(xi,y)s(xi,y) T =alal=0T @ ggT,
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Hessian approximation and factorizations
[e]e]ele]e] lele]e]e]

KFAC: layer-wise structure

Define the per-sample quantities:

e al) e RM: output of layer /, i.e. the input to layer /+1.

o g ¢ RM: the log-likelihood gradient with respect to a(!).
For a feed-forward layer,

RO (W(/)a(/fl))
where o is the activation function. Therefore,

/
dlog ply | fo(x)) _ dlogply | fy(x)) daf’ _ () ,(-1)
owl) pa  awlD T
ij ! )
Hence the outer product inside expectation in 1 can be written as
s(xi,y) s(xi,y) T =al"Dal= DT g ggT,
Furthermore, we assume that al/~1) is independent of g/,
FO) ~ E a(/—1)5,(/—1)T} Q E{g(/)g(/)q = A1) g (),
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Hessian approximation and factorizations
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For each layer /, we obtain the /-th diagonal block of A — denoted
by A) — by

AD (A(’—1)+\f>\l) ® (G“Mﬁl) = v gul,

Storage benefit. This reduces the memory cost from O(NZN? ;)
(full block) to O(N? + N2 ).
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Hessian approximation and factorizations
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Low-rank block-diagonal KFAC

Low-rank approximation based on KFAC. Starting from the
Kronecker-factored Fisher block

FO ~ AU-D g GO,
we eigendecompose the two Kronecker factors:
-

-
A0-1) _ U/(4/—1)5/(4/—1)UI(4/—1) 7 ¢ — Ug)sg)U(G/)
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Low-rank block-diagonal KFAC

Low-rank approximation based on KFAC. Starting from the
Kronecker-factored Fisher block

FO ~ AU-D g GO,
we eigendecompose the two Kronecker factors:

_ 1-1) c(1-1) , ,(1-1) T RGOS
AU = g DsEI YD 60 = sl
Using properties of the Kronecker product, this yields

PO = (U & 00) (54 S0) (U U0
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Low-rank block-diagonal KFAC

Low-rank approximation based on KFAC. Starting from the
Kronecker-factored Fisher block

FO ~ A-D g GO,

we eigendecompose the two Kronecker factors:

n’

I 1 / 1 / T / i i

Using properties of the Kronecker product, this yields
-1 I -1 / -1 N\T
PO = (U0 ) (S o SO (U4 o )

The eigenvalues of F() are products of eigenvalues of AU~1) and
G(). Keeping only the top k eigenvalues yields an optimal rank-k
(!)

approximation F,

Laplace Redux - Effortless Bayesian Deep Learning 18 / 24
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Hessian approximation and factorizations
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Low-rank approximation

Instead of approximating each layer block separately, we can
approximate the entire curvature matrix F € RP*P by a low-rank
matrix.

Eigendecomposition. Since F is PSD,
F=QLQT,

where Q@ = [q1, ..., gp] contains eigenvectors and
L:diag()\l,...,)\p) with Ay > --- > Ap > 0.

Laplace Redux - Effortless Bayesian Deep Learning 19 / 24



Hessian approximation and factorizations
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Low-rank approximation

Instead of approximating each layer block separately, we can
approximate the entire curvature matrix F € RP*P by a low-rank
matrix.

Eigendecomposition. Since F is PSD,
F=QLQ',
where Q@ = [q1, ..., gp] contains eigenvectors and
L:diag()\l,...,)\p) with Ay > --- > Ap > 0.
Rank-k truncation. Keep only the top k eigenpairs:
Q=1q1,...,qx] € RP*X, [ = diag(A1, ..., \) € RFXK,

Then the low-rank approximation is given by

Fr~Fo:=QLQT".

Storage benefit. This reduces the memory cost from O(D?) (full
block) to O(Dk).
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Hessian approximation and factorizations
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Wrap-up

® Hessian approximation

® Fisher information
® Gauss-Newton matrix (GGN)

® Hessian factorization

® Digagonal factorization
e KFAC

Low-rank block-diagonal KFAC
® |ow-rank approximation
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Subnetwork

Subnetwork LA only applies the Laplace approximation to a
subset of the model parameters, while keeping the remaining
parameters fixed at their MAP estimates.

Last-Layer applies the LA to only the last linear layer of an L-layer
NN. Suppose W(L) is the last-layer weight matrix of the network

pA(W® | D) =~ MWD | WL £0).

@ Weights to be treated probabilistically with Laplace

(a) All (b) Subnetwork (¢) Last-Layer

Laplace(.., subset_of_weights='all'|'subnetwork'|'last_layer"')
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Monte Carlo Integration

Monte Carlo Integration

S
ply | x*,D) ~ gz p(y | fo,(x*)), 65~ q(d|D).
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Prediction
oce

Approximate the distribution of netwrok outputs

We use linearization to approximate the network as
fo(X*) = foyar (X*) + 4 (0 = Ouiap), (2)

where J, 1= Vgfy(x*)|gyap € R denotes the Jacobian of the
network output with respect to the parameters, evaluated at fyiap.
This way, under a Gaussian approximate posterior g(f | D), the

marginal distribution over the network output £, := f(x.) is
approximately Gaussian:

plt. | x..D) = [ 8f. = i(x)) a(6 | D) dt
N(f* | fonap (%), J*TZJ*)’

where J, := Vgfy(x. }9 Oyap”
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